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a b s t r a c t
In the context of the degree/diameter problem for directed graphs, it is known that the
number of vertices of a strongly connected bipartite digraph satisfies a Moore-like bound
in termsof its diameter k and themaximumoutdegrees (d1, d2)of its partite sets of vertices.
In this work, we define a family of dense digraphs, the diameter of which is not more than
1, comparable with that of the Moore bipartite digraph of the same order and maximum
degree. Furthermore, some of its properties are given, such as the connectivity, spectrum
and so on.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
In this work we consider only finite directed graphs. An interconnection network can be modeled as a digraph, where
each element can be represented as a vertex and the directed connection between two vertices is described by an arc. We
consider a strict digraphD (a digraph having no loops, and no parallel arcs are allowed)with vertex set V (D) and arc set A(D).
For a vertex v ∈ V (D), we denote the indegree and outdegree of v and the minimum indegree and outdegree in D by d−D (v),
d+D (v), δ−(D) and δ+(D), respectively. We denote by N
+
D (v) the set of out-neighbors of v, by N
−
D (v) the set of in-neighbors
of v, by E+D (v) the set of out-arcs of v, by E
−
D (v) the set of in-arcs of v. A strongly connected digraph D is said to be super-
connected if everyminimumvertex-cut is eitherN+D (v) orN
−
D (v) for some vertex v. Similarly, a strongly connected digraphD
is said to be super-arc-connected if every minimum arc-cut is either E+D (v) or E
−
D (v) for some vertex v. If d
−
D (v) = d+D (v) = d
for each vertex v ∈ D, then D is d-regular. The diameter diam(D) is defined to be the length of the largest of the shortest
paths between any two vertices.
Let D = (V (D), A(D)) be a digraph, |V (D)| = n, |A(D)| = m, V (D) = {v1, v2, . . . , vn}. The line digraph of D, denoted by
L(D), is the digraph with vertex set V (L(D)) = {aij|aij = (vi, vj) is an arc in D}, and a vertex aij is adjacent to a vertex ast in
L(D) if and only if vj = vs inD. For an integer n, the nth iterated line digraph ofD is recursively defined as Ln(D) = L(Ln−1(D))
with L0(D) = D.
A fundamental area in the study of graphs is concerned with the question of how ‘large’ a directed graph (digraph)
can be in terms of the number of arcs and/or vertices, given some constraints. Dense digraphs are interesting because of
their possible application in modeling good interconnection networks, and also in themselves because high density usually
implies a large amount of structure. One of the prominent problems in this area is the well known degree/diameter problem
which is determining, for each d and k, the largest order of a digraph ofmaximumoutdegree d and diameter atmost k. While
this problem is in generalwide open and considered to be very difficult, one possibleway forward is to consider this problem
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for restricted classes of digraphs. For example, the first and second author and their collaborators [6,8] previously restricted
their attention to bipartite digraphs. In the case of bipartite digraphs with maximum outdegrees (d1, d2), not necessarily
equal in both partite sets of vertices (V1, V2), the order N is bounded above by the Moore-like bound [6]
N ≤ M(d1, d2, k) =
{
2(1+ d1d2 + · · · + (d1d2)m) if k = 2m+ 1
(d1 + d2)(1+ d1d2 + · · · + (d1d2)m−1) if k = 2m
where k stands for the diameter. A bipartite digraph D = (V , A), V = V1 ∪ V2, with maximum outdegrees (d1, d2), diameter
k, and (optimal) order N = M(d1, d2, k) is called a Moore bipartite digraph. The existence problem of the Moore bipartite
digraphs has already been solved for the regular case (d1 = d2) by Fiol and Yebra [6], and their results can easily be extended
to the general case, as was noted by Gomez, Padro, and Perennes [9] in the context of generalized cycles. Thus, it is known
that the boundM(d1, d2, k) is only attainedwhen 2 ≤ k ≤ 4 if d1d2 > 1. On the other hand, for the implications in the design
of interconnection networks, it is interesting to find (di)graphs of given order and maximum (out-)degree that have small
diameter. Fiol and Yebra [6] presented a construction that provided bipartite digraphs of any (even) order whose diameter
does not exceed this lower bound by more than 1. Some other related works can be found in [3–6,9].
In this work, we define a family of dense digraphs, the diameter of which is not more than 1, comparable with that of the
Moore bipartite digraph of the same order and maximum degree. Furthermore, some of its properties are given, such as the
connectivity, spectrum and so on.
For terminologies not given here we refer the reader to [2,11].
2. Main results
It is known that the line digraph of a bipartite digraph is bipartite; we define a special family of bipartite digraphs.
Definition 2.1. The bipartite digraph LCBD(d, n) is defined as the (n− 1)th iterated line digraph Ln−1(Kd,d), where Kd,d is a
complete bipartite digraph and d ≥ 1.
Before studying the properties of LCBD(d, n), some important results concerning iterated line digraphs are presented;
see[1,7].
Lemma 2.2. Let D be a strongly connected digraph; then:
(i) Ln(D) is d-regular and hence has dn|V (D)| vertices if D is d-regular.
(ii) diam(Ln(D)) = k+ n if D is not a directed cycle and diam(D) = k > 0.
(iii) For d (≥1)-regular D, κ(Ln(G)) = d if κ(D) = d or κ(Ln(D)) = d− 1 contains loops and κ(D) = d− 1.
(iv) L(D) is Eulerian if and only if d−D (x) = d+D (y) for any (x, y) ∈ A(D).
(v) L(D) is Hamiltonian if and only if D is Eulerian.
Since the regularity, connectivity and diameter of Kd,d are d, d and 2, respectively, by Lemma 2.2, we have:
Theorem 2.3. For d ≥ 2 and n ≥ 1:
(i) LCBD(d, n) is a d-regular digraph, and has 2dn vertices and 2dn+1 arcs;
(ii) LCBD(d, n) has connectivity d;
(iii) LCBD(d, n) has diameter n+ 1;
(iv) LCBD(d, n) contains Euler circuits and Hamilton cycles;
(v) LCBD(d, n) contains perfect matchings.
Subsequently, we give the spectrum of LCBD(d, n) according to the corresponding results for L(D) and Kd,d.
Lemma 2.4 ([10]). Let D be a digraph with n vertices and m arcs; then
PL(D)(λ) = λm−nPD(λ).
Lemma 2.5 ([8]). PKd,d(λ) = λ2d−2(λ2 − d2).
Theorem 2.6. PLCBD(d,n)(λ) = λ2dn−2(λ2 − d2).
Proof. Since |V (Kd,d)| = 2d, |A(Kd,d)| = 2d2, |V (Ln−2(Kd,d))| = 2dn−1 and |A(Ln−2(Kd,d))| = 2dn, we have
PLCBD(d,n)(λ) = PLn−1(Kd,d)(λ)
= PLn−2(L(Kd,d))(λ)
= λ2dn−2dn−1λ2dn−1−2dn−2 · · · λ2d2−2dλ2d−2(λ2 − d2)
= λ2dn−2(λ2 − d2). 
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Next, we deduce the super-(arc) connectivity of LCBD(d, n). For this purpose, we need the following result proved in [12].
Lemma 2.7. Let D be a strongly connected digraph with δ(D) ≥ 3. If D is super-arc-connected, then Ln(D) is super-connected
and super-arc-connected for any positive integer n.
Since Kd,d is super-arc-connected for any d ≥ 3, by Lemma 2.7, we have:
Theorem 2.8. LCBD(d, n) is super-connected and super-arc-connected for any d ≥ 3.
Moreover, an interesting result is found.
Theorem 2.9. The diameter of LCBD(d, n) is not more than 1, comparable with that of the Moore bipartite digraph of the same
order and maximum degree d (≥2).
Proof. By the Moore-like bound, if d1 = d2 = d, then the order N of the Moore bipartite digraph D is
N = M(d, k) =

2(1+ d2 + d4 + · · · + dk−1) = 2(d
k+1 − 1)
d2 − 1 if k is odd
2d(1+ d2 + d4 + · · · + (d)k−2) = 2d(d
k − 1)
d2 − 1 if k is even.
Thus,
k =
log
N(d2−1)+2
2
d −1 if k is odd
log
N(d2−1)+2d
2
d −1 if k is even.
By Theorem 2.3, the diameter of LCBD(d, k′ − 1) is k′, and |V (LCBD(d, k′ − 1))| = 2dk′−1 = N . Therefore, k′ = log Nd2d . Next,
we will prove that 0 ≤ k′ − k ≤ 1.
Obviously, 0 ≤ k′ − k. For the right side of the inequality, if k is odd,
k′ − k = log Nd2d −
(
log
N(d2−1)+2
2
d −1
)
= log
Nd
2
2
N(d2−1)+2
d +1
= log
Nd2
N(d2−1)+2
d
≤ logdd = 1.
(
Nd2
N(d2 − 1)+ 2 ≤ d
)
.
The situation where k is even is similar. 
Now we define another bipartite digraph B1; although it is seemingly different from LCBD(d, n), it is the same as
LCBD(d, n) in essence.
Definition 2.10. Let V0 = {1, 2, . . . , d}, V1 = {1′, 2′, . . . , d′}. The vertex set of B1 is
V = {x1x2 · · · xn : xi ∈ Vj and xi+1 ∈ Vj+1, j = 0, 1(mod2), i = 1, 2, . . . , n− 1}
and the arc set A consists of all arcs from one vertex x1x2 · · · xn to x2 · · · xnα, where xn and α are not in the same set (V0 or V1).
We now show that the two digraphs defined above are isomorphic.
Theorem 2.11. B1 ∼= LCBD(d, n).
Proof. Assume that two such digraphs are B1 = (VB1 , AB1) and LCBD(d, n) = B2 = (VB2 , AB2), respectively. Thus
VB1 = {x1x2 · · · xn : xi ∈ Vj and xi+1 ∈ Vj+1, j = 0, 1(mod2), i = 1, 2, . . . , n− 1}.
Assume V (Kd,d) = V0 ∪ V1 = {1, 2, . . . , d} ∪ {1′, 2′, . . . , d′}. By the definition of the iterated line digraph, the vertex of
Ln−1(Kd,d) can be expressed as a directed walk (x1x2 · · · xn) of length n − 1 in Kd,d, and vice versa. This means that we can
assume
VB2 = {(x1x2 · · · xn) : xi ∈ Vj and xi+1 ∈ Vj+1, j = 0, 1(mod2), i = 1, 2, . . . , n− 1}.
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Define a mapping
φ : VB1 → VB2
x1x2 · · · xn 7→ (x1x2 · · · xn).
It is clear that the mapping φ is bijective. In order to prove that the mapping φ is an isomorphism between B1 and B2, it is
sufficient to prove that the mapping φ preserves adjacency. Indeed, assume x, y ∈ VB1 , and x = x1x2 · · · xn (xn ∈ Vi, i ∈{0, 1}). Then (x, y) ∈ AB1 if and only if there exists α ∈ Vj (j ∈ {0, 1}, j 6= i) such that y = x2x3 · · · xnα. By the definition
of φ, (x1x2 · · · xn) and (x2x3 · · · xnα) are in VB2 and are two directed walks of length n − 1 in Kd,d. Then (x1x2 · · · xnα) is a
directed walk of length n in Kd,d. By the definition of the line digraph, there is an arc from the vertex (x1x2 · · · xn) to the
vertex (x2x3 · · · xnα), and vice versa. This implies that (x, y) ∈ AB1 if and only if (φ(x), φ(y)) ∈ AB2 . The result follows. 
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